Abstract. We propose a new model of D = 4 Gauss-Bonnet gravity. To avoid the usual property of the integral over the standard D = 4 Gauss-Bonnet scalar becoming a total derivative term, we employ the formalism of metric-independent non-Riemannian spacetime volume elements which makes the D = 4 Gauss-Bonnet action term non-trivial without the need to couple it to matter fields unlike the case of ordinary D = 4 Gauss-Bonnet gravity models. The non-Riemannian volume element dynamically triggers the Gauss-Bonnet scalar to be an arbitrary integration constant M on-shell, which in turn has several interesting cosmological implications: (i) It yields specific solutions for the Hubble parameter and the Friedmann scale factor as functions of time, which are completely independent of the matter dynamics, i.e., there is no back reaction by matter on the cosmological metric. (ii) For M > 0 it predicts a "coasting"-like evolution immediately after the Big Bang, and it yields a late universe with dynamically produced dark energy density given through M; (iii) For the special value M = 0 we obtain exactly a linear "coasting" cosmology; (iv) For M < 0 we have in addition to the Big Bang also a Big Crunch with "coasting"-like evolution around both; (v) It allows for an explicit analytic solution of the pertinent Friedmann and ϕ scalar field equations of motion, while dynamically fixing uniquely the functional dependence on ϕ of the scalar potential. PACS: 98.80.Jk, 04.50.Kd, 95.36.+x 
Introduction
Extended gravity theories as alternatives/generalizations of the standard Einstein General Relativity (for detailed accounts, see Refs. [1, 2, 3, 4] and references therein) enjoy a very active development in the last decade or so due to pressing motivation from various areas: cosmology (problems of dark energy and dark matter), quantum field theory in curved spacetime (renormalization in higher loops), string theory (low-energy effective field theories).
When considering alternative/extended theories to General Relativity, one option is to employ alternative nonRiemannian spacetime volume-forms (metric-independent generally covariant volume elements or integration measure densities) in the pertinent Lagrangian actions instead of the canonical Riemannian one given by the square-root of the determinant of the Riemannian metric.
To this end let us briefly recall the essential features of the formalism of non-Riemannian spacetime volumeforms, which are defined in terms of auxiliary antisymmetric tensor gauge fields of maximal rank. This formalism is the basis for constructing a series of extended gravity-matter models describing unified dark energy and dark matter scenario [5] , quintessential cosmological models with gravity-assisted and inflaton-assisted dynamical generation or suppression of electroweak spontaneous symmetry breaking and charge confinement [6, 7, 8] , and a novel mechanism for the supersymmetric Brout-Englert-Higgs effect in supergravity [9] (see Refs. [9, 10] for a consistent geometrical formulation of the non-Riemannian volume-form approach, which is an extension of the originally proposed method [11, 12] ).
Volume-forms (generally-covariant integration measures) in integrals over manifolds are given by nonsingular maximal rank differential forms ω: 
We will employ (Section 2 below) instead of √ −g another alternative non-Riemannian volume element as in (1)- (2) given by a non-singular exact D-form ω = dC where:
so that the non-Riemannian volume element reads:
Here C µ 1 ...µ D−1 is an auxiliary rank (D − 1) antisymmetric tensor gauge field. Φ(C), which is in fact the density of the dual of the rank D field-strength
, similarly transforms as scalar density under general coordinate reparametrizations. Now, it is clear that if we replace the usual Riemannian volume element √ −g with a non-Riemannian one Φ(C) in the Lagrangian action integral over the Gauss-Bonnet scalar d 4 x Φ(C) R 2 GB (Eqs.(6)-(7) below), then the latter will cease to be a total derivative in D = 4. Thus, we will avoid the necessity to couple R 2 GB in D = 4 directly to matter fields or to use nonlinear functions of R 2 GB unlike the usual D = 4 Gauss-Bonnet gravity -for reviews, see [13, 14] ; for recent discussions of Gauss-Bonnet cosmology, see Refs. [15] - [24] ) and references therein.
The main new feature, displayed in Section 2, of our non-standard D = 4 Gauss-Bonnet gravity with a GaussBonnet action term d 4 x Φ(C)R 2 GB is due to the equation of motion w.r.t. auxiliary tensor gauge field defining Φ(C) as in (5) , namely it dynamically triggers the Gauss-Bonnet scalar R 2 GB to be on-shell an arbitrary integration constant (Eq.(14) below). The latter property has, however, a consequence -now the composite field χ = Φ(C) √ −g appears as an additional physical field degree of freedom related to the geometry of spacetime and its role in the cosmological setting is described below. Let us note that this is in sharp contrast w.r.t. other extended gravity-matter models constructed in terms of (one or several) non-Riemannian volume forms [9, 10, 5, 6, 7, 8] , where we start within the first-order formalism and where composite fields of the type of χ turn out to be (almost) pure gauge (non-propagating) degrees of freedom.
The dynamically triggered constancy of R 2 GB in turn has several interesting implications for cosmology. As we will show in Section 3 below, the cosmological dynamics in the new D = 4 Gauss-Bonnet gravity provides automatically a "coasting" evolution of the early universe near the Big Bang at t = t BB , where the Hubble parameter H(t) ∼ (t − t BB ) −1 and the Friedmann scale factor a(t) ∼ (t − t BB ), i.e., space size a(t) and horizon size H −1 (t) expand at the same rate (no horizon problem); for a general discussion of "coasting" cosmological evolution, see Refs. [25] - [28] . Furthermore, for late times we obtain either a de Sitter universe with dynamically generated dark energy density or a Big Crunch depending on the sign of the dynamically generated constant value of R 2 GB . An important observation here is that the cosmological solution for H(t) and a(t) does not feel the details of the matter content and the matter dynamics, i.e., there is no direct back reaction of matter on the cosmological metric. The reason here is that the differential equation determining the solution H(t) (or a(t)) results from the equation for the Gauss-Bonnet scalar equalling arbitrary integration constant on-shell, which does not involve any matter terms.
On the other hand, matter terms are present in the pertinent Friedmann equations (Section 3) which now reduce to a differential equation for the composite field χ = Φ(C)/ √ −g. Therefore, the solution for χ (Eq.(25) below) completely absorbs the impact of the matter dynamics while the overall solution for H(t) and a(t) is left unchanged. Furthermore, if we "freeze" χ to be a constant (Section 4 below), then in the case of scalar field ϕ matter the exact expression for the corresponding scalar potential V(ϕ) as function of ϕ is fixed uniquely.
The above described main properties of the present version of D = 4 Gauss-Bonnet gravity, namely, the dynamical constancy of the Gauss-Bonnet scalar derived from a Lagrangian action principle and the appearance of an additional degree of freedom χ absorbing the effect of the matter dynamics, are the most significant differences w.r.t. the approach in several recent papers [29, 30, 31] extensively studying static spherically symmetric solutions in gravitational theories in the presence of a constant Gauss-Bonnet scalar, where the constancy of the latter is imposed as an additional condition on-shell beyond the standard equations of motion resulting from an action principle.
In the last discussion section we point out a limitation of the present non-canonical D = 4 Einstein-Gauss-Bonnet model, namely, that it predicts continuous acceleration throughout the whole evolution of the universe, and we briefly describe a generalization of our model allowing for both acceleration and deceleration.
Gauss-Bonnet Gravity in D = 4 With a Non-Riemannian Volume Element
We propose the following self-consistent action of D = 4 Gauss-Bonnet gravity without the need to couple the GaussBonnet scalar to some matter fields (for simplicity we are using units with the Newton constant G N = 1/16π):
Here the notations used are as follows (we employ the usual second order formalism):
• R 2 GB denotes the Gauss-Bonnet scalar:
• Φ(C) denotes a non-Riemannian volume element defined as a scalar density of the dual field-strength of an auxiliary antisymmetric tensor gauge field of maximal rank C µνλ :
Let us particularly stress that, although we stay in D = 4 spacetime dimensions and although we don't couple the Gauss-Bonnet scalar (7) to the matter fields, the last term in (6) thanks to the presence of the non-Riemannian volume element (8) is non-trivial (not a total derivative as with the ordinary Riemannian volume element √ −g)) and yields a non-rivial contribution to the Einstein equations (Eqs.(11) below).
• As a matter Lagrangian we will take for simplicity an ordinary scalar field one:
As discussed below, the explicit choice of L matter does not affect the cosmological solutions for the Hubble parameter and the Friedmann scale factor. It only affects the solution for the composite field χ defined in Eq.(10) (cf. Eq.(25) below).
We now have three types of equations of motion resulting from the action (6):
• Einstein equations w.r.t. g µν where we employ the definition for a composite field:
representing the ratio of the non-Riemannian to the standard Riemannian volume element:
where T µν = g µν L matter − 2 ∂ ∂g µν L matter is the standard matter energy-momentum tensor:
• The equations of motion w.r.t. scalar field ϕ have the standard form (they are not affected by the presence of the Gauss-Bonnet term):
• The crucial new feature are the equations of motion w.r.t. auxiliary non-Riemannian volume element tensor gauge field C µνλ :
where M is an arbitrary dimensionful integration constant and the numerical factor 24 in (14) is chosen for later convenience.
The dynamically triggered constancy of the Gauss-Bonnet scalar (14) comes at a price as we see from the generalized Einstein Eqs. (11) In what follows we will see (Section 4) that when considering cosmological solutions we can consistently "freeze" the composite field χ = const so that all terms on the r.h.s. of (11) with derivatives of the composite field χ will vanish. The freezing of χ together with (14) has two main effects:
(a) It produces on r.h.s. of (11) a dynamically generated cosmological constant Λ 0 -term:
(b) Within the class of cosmological solutions, as shown in Section 4 below, the "freezing" of χ produces an explicit analytic solution of the extended Friedmann equations and of the ϕ scalar field equations of motion, with simultaneous dynamical fixing uniquely of the functional dependence on ϕ of the scalar potential V(ϕ). In particular it yields the exact value of the vacuum energy density in the "late" universe -the dark energy density (Eq.(54) below) -in terms of the dynamically generated constant value of the Gauss-Bonnet scalar (14) .
Cosmological Solutions with a Dynamically Constant Gauss-Bonnet Scalar
Now we perform a Friedmann-Lemaitre-Robertson-Walker (FLRW) reduction of the original action (6) with FLRW metric:
where:
the overdot denoting d dt . The corresponding FLRW action reads:
Accordingly, the equations of motion of (18) -FLRW counterparts of Eqs. (14), (11), (13) -acquire the form (as usual, after variation w.r.t. lapse function N(t) we set the gauge N(t) = 1):
• The FLRW counterpart of (14) (the constancy of Gauss-Bonnet scalar) becomes:
a a denoting the Hubble parameter. It is important to stress that the FLRW spacetime geometry, i.e., a = a(t) is completely determined by the solution of Eq.(19) (see Eqs. (27)- (28) below) and it does not feel any back reaction by the matter fields.
• The FLRW counterparts of the generalized Einstein Eqs. (11), i.e., the Friedmann equations become upon using Eq.(19):
where now χ ≡ . C a 3 and the energy density ρ and pressure p have the usual form:
• The FLRW ϕ-equation and the corresponding energy-conservation equation have the ordinary form:
Thus, while H(t) (and a(t)) do not feel back reaction from the matter fields, they in turn significantly impact the matter fields' dynamics.
Compatibility between the two Friedmann Eqs. (20)- (21) can be explicitly checked to follow from the second Eq. (23) .
The first Friedmann Eq. (20) can be represented as a differential equation for χ(t):
whose solution is given through the solutions for H(t) from (19) and matter energy density ρ (22) from (23):
Eq. (25) shows that it is χ which absorbs the backreaction of matter unlike the Friedmann scale factor a(t) or Hubble parameter H(t), since Eq.(19) does not involve matter. In fact we could take in the Friedmann equations (20) , i.e., (24) , and (21) any kind of matter which obeys the covariant energy conservation (second Eq. (23)). Now, we observe that due to second Eq.(19) -the dynamical constancy of the Gauss-Bonnet scalar -there is permanent acceleration/deceleration throughout the whole evolution of the universe:
depending on the sign of M. We will first assume the integration constant M > 0, i.e., permanent acceleration. The other cases (M = 0 -permanent "coasting", and M < 0 -permanent deceleration) will be briefly discussed in the next subsections below.
Friedmann Scale Factor Solution for M > 0
We can solve explicitly the second Eq.(19) -simple differential equation for H = H(t):
where t 0 is an integration constant, (27) yielding:
with: The solution H(t) implicitly defined in (28) is graphically depicted in Fig.1 . First, we notice from Eq. (28) that:
in other words, there is a Big Bang at t = t BB (29) . Expanding the r.h.s. of Eq.(28) for small (t − t BB ), equivalent to expanding for small M, yields:
The last relation in(31) implies a "coasting" [25] behavior of the universe for evolution times near the Big Bang. For the Friedmann scale factor itself we get from (31):
i.e. a(t)/a 0 ≃ t − t BB for small (t − t BB ) , in other words, close to the Big Bang the horizon H −1 (t) and space a(t) evolve in the same way. On the other hand, for large t ("late" universe):
i.e., the universe evolves with a constant acceleration where 2Λ DE ≡ 6 √ M is the dark energy density.
Friedmann Scale Factor Solution for M = 0
Let us consider the special case M = 0, i.e., according to (14) R 2 GB dynamically vanishes. From Eq.(19) we have:
which represent "coasting" universe' evolution (linear expansion of the Friedmann scale factor) for all the time after the Big Bang at t = t 0 . Let us note that dynamical vanishing of D = 4 Gauss-Bonnet scalar has been previously obtained in Ref. [33] , however within a different and physically non-equivalent formalism -first-order (frame-bundle) formalism with a nonvanishing torsion.
Friedmann Scale Factor Solution for M < 0
Now we consider the case M < 0 (we will use the symbolM ≡ −M for convenience, i.e., according to (14) R 2 GB = −24M < 0). Setting in the integral (27) M = −M we obtain the implicit solution for H =H(t):
where the integration constant t 0 is defined byH(t = t 0 ) = 0. From (35) we find both a Big Bang:
and a Big Crunch at finite cosmological times:
Similarly to the case M > 0 (31)-(32) we obtain a "coasting" behaviour near the Big Bang ((t − t BB ) small):
a(t)/a 0 = (t − t BB ) exp −M 20 (t − t BB ) 4 O(M 2 ) .
Near the Big Crunch ((t BC − t) small) there is also a "coasting" behavior:
a(t)/a 0 = (t BC − t) exp −M 20 (t BC − t)
Here once again we observe that both near the Big Bang and near the Big Crunch the horizon and space sizes evolve in the same way.
Special Cosmological Solution of the full Gauss-Bonnet Gravity with a Dynamically Constant Gauss-Bonnet Scalar
We will now study in some detail special particular solutions of the extended Einstein Eqs.(11) (taking into account (14) ) with a frozen composite field χ (10) (χ = const):
